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Abstract
A graph G is intrinsically S1-linked if for every embedding of the
vertices of G into S1, vertices that form the endpoints of two disjoint
edges in G form a non-split link in the embedding. We show that a
graph is intrinsically S1−linked if and only if it is not outer-planar.
A graph is outer-flat if it can be embedded in the 3−ball such that
all of its vertices map to the boundary of the 3−ball, all edges to the
interior, and every cycle bounds a disk in the 3−ball that meets the
graph only along its boundary. We show that a graph is outer-flat if
and only if it is planar.
1 Introduction
Recall that a graph is said to be intrinsically linked if it contains a pair of non-
splittably linked cycles in every (tame) spatial embedding. Conway, Gordon
[3] and Sachs [14] showed that the graph K6 is intrinsically linked. Sachs went
on to conjecture that the Petersen Family of graphs, the 7 graphs obtained
from K6 by triangle-Y and Y-triangle exchanges, form the complete set of
minor-minimal intrinsically linked graphs. Robertson, Seymour and Thomas
later proved Sachs’ conjecture (see [13] for an outline of the proof and other
references). They further showed that a graph has a linkless embedding if
and only if it has a flat embedding (every cycle of G bounds a disk that meets
the graph only along its boundary). In this paper, we define two analogous
versions of intrinsically linked. The first is a lower-dimensional analog called
intrinsically S1-linked. We say that a graph G is intrinsically S1-linked if for
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every embedding of the vertices of G into S1, vertices that form the endpoints
of two disjoint edges in G form a non-split link in the embedding. We later
show that a graph is intrinsically S1-linked if and only if it is not outerplanar.
The other version of intrinsically linked, we will call intrinsically outer-linked.
We will define this concept later in the introduction. Closely related to this
is the concept of outer-flat. A graph is outer-flat if it can be embedded in
the 3−ball such that all of its vertices map to the boundary of the 3−ball,
all edges to the interior, and every cycle bounds a disk in the 3−ball that
meets the graph only along its boundary. We show that a graph is outer-flat
if and only if it is planar.
These analogues of intrinsically linked were motived in part by some char-
acteristics of the Colin de Verdie`re graph parameter, µ(G). This parameter,
though defined in terms of spectral properties of a graph, turns out to be
closely related to topological properties of a graph (see [8] for a survey on
this parameter). In particular, by [4] and [5], a graph is outerplanar if and
only if µ(G) ≤ 2, planar if and only if µ(G) ≤ 3, and, by [10], possesses a
flat embedding if and only if µ(G) ≤ 4.
Here we establish some terminology relevant for the definition of intrin-
sically S1-linked. Recall that a link in S1 is an embedding of two copies of
S0 into S1. Let {p1, p2} and {p3, p4} denote the two copies of S0 that make
up a link in S1. We say {p1, p2} and {p3, p4} form a non-splittable link in S1
provided p1 and p2 lie in different components of S
1 - {p1, p2}, otherwise we
say the link is splittable. An S1-embedding of a graph G is an injective map
of all the vertices of G into S1. Given an S1-embedding of a graph G, we
will consider two vertices to form an S0 if and only if they are the end points
of an edge. Finally, we may say that a graph G is intrinsically S1−linked if
every S1-embedding of G contains at least one pair of disjoint copies of S0
that form a non-splittable link.
Recall that a graph G is outerplanar if it can be embedded in the plane
so that all its vertices touch the outer face, and recall that a graph H is said
to be a minor of a graph G if H can be obtained from G by deleting and/or
contracting a finite number of edges of G. Halin [7] (see also Chartrand and
Harary [2]) first established the well-known result that a graph is outerplanar
if and only if it contains K4 or K3,2 as a minor. We use this result to show
that a graph is outerplanar if and only if it is not intrinsically S1-linked.
In this last part of the introduction, we establish some terminology to lead
up to the definition of intrinsically outer-linked. Recall that an alternate
definition for outerplanar is for a graph G to have an embedding into the
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disk such that all vertices of the graph lie on the boundary of the disk. We
analogously define an outer-embedding of a graph G to be an embedding of
G into the 3−ball such that all of the vertices of G map to the boundary of
the 3−ball, and all edges map to the interior. In an outer-embedding of a
graph, a splittable link in B3 consists of a cycle, γ, and an edge, e, for which
there exists a disk that is homeomorphically mapped to B3, such that the
boundary of the disk maps to the boundary of B3, and the interior to the
interior, and the disk cuts B3 into two components, one containing e, and the
other γ. We call a link non-splittable (or just non-split) otherwise. Finally, we
can define a graph G to be intrinsically outerlinked if every outer-embedding
of G contains a non-split link consisting of a cycle and an edge. Our second
main result in the paper will be that a graph is intrinsically outer-linked if
and only if it is not planar. We call a graph outer-linkless provided it has an
outer-embedding for which every link in B3 is splittable. We further show
that a graph is outer-flat if and only if it is outer-linkless.
In a future work, we will examine the problem of classifying all graphs
that have a disjoint pair of non-split links in every S1-embedding, and the
problem of classifying all graphs that have a disjoint pair of non-split outer-
links in every outer-embedding. The analogous problem of determining the
complete set of minor-minimal graphs that contain a disjoint pair of non-
splittable links in every spatial embedding was studied in [1]. Though the
set of such graphs is finite (due to the powerful result in [12]), and some
minor-minimal examples were given in [1], the problem seems very difficult
at this time. It is our hope that the analogous problems in the contexts of
S1-embeddings and outer-embeddings will be more tractable, and will shed
some light on the spatial problem.
2 Intrinsically S1-linked Graphs
Theorem 2.1. The graphs K4 and K3,2 are intrinsically S
1-linked.
Proof. Up to symmetry, there is only one S1-embedding K4, and in that
embedding, there is a non-split link. Up to symmetry, there are two ways to
place the five vertices of K3,2 on S
1. In both cases, there is a non-split link.
Therefore, K3,2 is intrinsically S
1-linked.
Now we present an alternative proof of intrinsic S1-linking ofK3,2 using an
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analog of Conway-Gordon and Sach’s proof that K6 is intrinsically linked. An
analogous proof can also be constructed for K4, which we will omit. Indeed,
such a proof was given for K4 in [15] as part of a more general theorem. For
our proof for K3,2, we need to define the mod 2 linking number for links in
S1. The mod 2 linking number of two copies of S0 embedded in S1 is 1 if
they are non-splittably linked and a 0 otherwise.
Proof. We will denote the vertices of K3,2 as {a, b, c, 1, 2}, where {a, b, c}
make up one partition. Consider the S1-embedding of K3,2 that places the
vertices in the clock-wise order a, b, c, 1, 2. For this S1-embedding, the sum of
the mod 2 linking numbers is odd. One can obtain any other S1-embedding
by a sequence of exchanging vertices pair-wise. It thus suffices to show that a
single exchange of vertices leaves the sum of mod 2 linking numbers odd. For
the one exchange, we can switch vertices within a partition, or switch vertices
in different partitions. Clearly, exchanging vertices within the same partition
will not affect the sum of the mod 2 linking numbers on all pairs of links.
So we consider the affect of switching two vertices in different partitions.
Without loss of generality, we consider the affect of switching the vertices
a and 1. The only links that will be affected use both a and 1. These are
exactly two pairs: (a2, 1b) and (a2, 1c). Each pair will experience a change
of plus or minus one in linking number, thus the total change in the sums
of all of the mod 2 linking numbers will be even. It follows that the sum of
the mod 2 linking numbers will remain odd. Therefore, K3,2 is intrinsically
S1-linked.
Finally, we have:
Proposition 2.2. If a graph G is outerplanar then G is not intrinsically
S1-linked.
Proof. If a graph G is outerplanar, then we embed G in a disk, with all of
the vertices of G on the boundary of the disk. Restricting this embedding to
the vertices of G gives a outer-linkless S1-embedding of G.
For the other direction, we need the following well-known result:
Theorem 2.3. [7] A graph is outerplanar if and only if it does not contain
K4 nor K3,2 as a minor.
We will have shown that a graph is outerplanar if and only if it is not
intrinsically S1-linked after we have established the following theorem.
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Theorem 2.4. Vertex expansion preserves intrinsic S1-linking.
Proof. Consider a graph G that is intrinsically S1-linked. Consider the graph
G′, obtained from G by a vertex expansion, where vertex v is expanded to
edge (v′, v′′). We claim that G′ is intrinsically S1-linked.
Consider an arbitrary S1-embedding of G′. We will show that it contains
a non-split link. We consider the associated S1-embedding of G that results
from omitting the vertex v′′ from the S1-embedding of G′, and relabeling v′
as v. In the first case, suppose v does not form part of a non-split link. In
this case, placing v′′ back on the circle will not destroy any non-split links,
and thus the S1-embedding of G′ contains a non-split link.
In the second case, we must consider when v is involved in a non-split link.
Let us say the vertices of the edges (v, w) and (a, b) represent the two copies
of S0 that make up this link. Let us consider what happens after we put v′′
back on the circle to get back to the original S1-embedding of G′. There are
two cases two consider. In the first case, v′′ and w lie in the same component
of S1 − {a, b}. In this case, a non-split link in the S1-embedding of G′ is
(v′, v′′) and (a, b). In the second case, v′′ and w lie in different components
of S1 − {a, b}. In this case, the non-split link in the S1-embedding of G′ is
either (v′, w) or (v′′, w), depending on which of v′ and v′′ is adjacent to w in
G′.
Thus, in all cases, we can find a non-split link in the S1-embedding of G′.
Therefore vertex expansion preserves intrinsic S1-linking.
Since a non-outerplanar graph can be obtained from K4 or K3,2 by a se-
quence of vertex expansions and/or adding vertices and/or edges (and the
latter two operations clearly preserve intrinsic S1-linking), we have thus es-
tablished our main theorem for this section:
Theorem 2.5. A graph is intrinsically S1-linked if and only if it is not
outerplanar.
3 Intrinsically outerlinked graphs
Proposition 3.1. If a graph G is planar, then G is outer-flat and outer-
linkless.
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Figure 1: A non-calculable projection, and two calculable projections. In the
second projection, the mod 2 linking number is 0. In the last projection, the
mod 2 linking number is 1.
Proof. Let G be a planar graph. Embed G on the boundary of B3. Deform
the edges slightly so that they lie in the interior of B3. The resulting outer-
embedding of G is outer-flat and outer-linkless.
In our study of intrinsically outer-linked graphs, a useful tool for us will
be an analog of the mod 2 linking number. In an outer-embedding of a
graph, a link in B3 consists of a cycle, γ, and a disjoint edge, e. We allow
deformations of links that are analogous to deforming links in space, except
that during the deformations, vertices must stay on the boundary of B3.
We say that γ and e have non-zero mod 2 linking number if the image of γ
can be extended to the image of a disk with an odd number of transversal
intersections with e. In order to calculate mod 2 linking number, not only
do we need a regular projection, but we need the further restriction that the
projection be calculable. We say that a projection of a link in B3 is calculable
provided that the vertices of the edge lie on the equator of the boundary of
B3 (otherwise there is an ambiguity as to whether or not the vertex lies in
the upper or lower hemisphere, see Figure 1). Given a calculable projection,
we compute the mod 2 linking number of γ and e to be the number of times,
mod 2 that e crosses over γ in that projection. If the mod 2 linking number
of γ and e is non-zero, then γ and e form a non-splittable link in B3.
Theorem 3.2. The graphs K5 and K3,3 are intrinsically outerlinked.
Proof. We present two proofs. First, consider an arbitrary outer-embedding
of K5. Deform the vertices of K5 to the equator of the sphere, and then
embed the B3 into space. We can place a new sixth vertex outside the ball,
connecting it to the first five vertices, and thus make an embedding of K6.
We can connect the sixth vertex in such a way that in a projection of our
embedding of K6, the new edges have no crossings with the edges from the
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original K5. Since K6 is intrinsically linked, and contains a pair of cycles
linked with non-zero mod 2 linking number [3] [14], there are a pair of linked
cycles in the K6 embedding, say C1 and C2, where C2 consists of edges e1, e2,
and e3, where e2 and e3 are incident to the sixth vertex. Since the edges from
the sixth vertex have no crossings, all of the crossings must take place inside
the projection of the B3, thus C1 and e1 formed a non-split link (with mod
2 linking number 1) in the outer-embedding of K5. Thus K5 is intrinsically
outer-linked. Since K3,3,1 is intrinsically linked with a pair of cycles with
non-zero mod 2 linking number in every spatial embedding [14], a similar
proof works for K3,3.
Proof. Now we present a proof of the Theorem that is analogous to Conway-
Gordon and Sachs’ proof that K6 is intrinsically linked. Consider the outer-
embedding of K5 represented in Figure 2. Of all of the 10 possible links, the
only non-split link is (abd, ec), with mod 2 linking number equal 1. Thus,
the sum of mod 2 linking numbers of all of the links is 1. To go from one
outer-embedding to another, we allow for the usual types of deformations
(with vertices allowed to move around only on the boundary), but we must
also allow for crossing changes. We claim that a change of crossings will leave
invariant the mod 2 sum of mod 2 linking numbers of all possible links. The
non-trivial case consists of a crossing change between non-adjacent edges. In
this case, there is exactly one vertex that is not incident to either edge. This
vertex, and the edges, form two possible links consisting of a cycle and an
edge. Each cycle and edge pair will have its mod 2 linking number change
by exactly plus or minus 1. Thus, the sum of the mod 2 linking numbers will
change by either plus or minus 2, or 0. Thus the mod 2 sum will be 1 for
every outer-embedding of K5. The proof for K3,3 is similar.
Theorem 3.3. If a graph G is non-planar, then G is intrinsically outer-
linked.
Proof. If G is non-planar, then G contains K5 or K3,3 as a minor ([9], [16]).
Let ∗ denote the usual join of a graph and a vertex. As in the first proof
of Theorem 3.2, an outer-embedding of G induces a spatial embedding of
G ∗ v, which has a regular projection for which there are no crossings on
edges incident to v. Moreover, the graph G ∗ v contains K6 or K3,3,1 as a
minor, and thus contains a pair of non-splittably linked cycles, with non-zero
mod 2 linking number ([6], [11]). Again, as in the first proof of Theorem 3.2,
there must exist a non-splittable link in the outer-embedding of G.
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Figure 2: A projection of an outer-embedding of K5.
We have established our main theorem of this section:
Theorem 3.4. The following are equivalent for a graph G:
1. G is planar
2. G is outer-flat.
3. G is outer-linkeless.
Acknowledgment
The results in this paper were obtained by a research group in the 2005
Research Experience for Undergraduates at SUNY Potsdam, advised by Joel
Foisy and sponsored by National Science Foundation Grant DMS-0353050
and National Security Grant MDA H982300510095.
References
[1] S. Chan, A. Dochtermann, J. Foisy, J. Hespen, E. Kunz, T. Lalonde,
Q. Looney, K. Sharrow, N. Thomas, Graphs with disjoint links in every
spatial embedding, J. Knot Theory Ramifications 13 (2004), no. 6, 737-
748.
[2] G. Chartrand, F. Harary, Planar permutation graphs, Ann. Inst. H.
Poincare´ Sect. B (N.S.) 3 (1967), 433-438.
8
[3] J. Conway and C. Gordon, Knots and links in spatial graphs, J. Graph
Theory 7 (1983), 445-453.
[4] Y. Colin de Verdie`re, Sur un nouvel invariant des graphes et un crite`re
de planarite´, J. Comb. Theory, Ser. B 50 (1990), 11-21.
[5] Y. Colin de Verdie`re, On a new graph invariant and a criterion of
planarity, in Graph Structures, Contemporary Mathemtatics 147, N.
Robertson and P. Seymour eds., American Mathematical Society, Prov-
idence, Rhode Island (1993), 137-147.
[6] M. R. Fellows and M. A. Langston, Nonconstructive tools for proving
polynomial-time decidability, J. Assoc. Comput. Mach. 35 (1988), no.
3, 727-739.
[7] R. Halin, U¨ber einen graphentheoretischen Basisbegriff und seine An-
wendung auf Fa¨rbensprobleme, Doctoral thesis, Ko¨ln, (1962).
[8] H. van der Holst, L. Lova`sz, and A. Schrijver, The Colin de Verdie`re
graph parameter, in Graph Theory and Combinatorial Biology, number
7 in Mathematical Studies, Bolyai Society (1999), 29-85.
[9] K. Kuratowski, Sur le probleme des courbes gauches en topologie, Fund.
Math. 15 (1930), 271-283.
[10] L. Lova`sz and A. Schrijver, A Borsuk theorem for antipodal links and a
spectral characterization of linknlessly embeddable graphs, Proceedings
of the American Mathematical Society 126 (1998), no. 5, 1275-1285.
[11] J. Nesetril, and R. Thomas, A note on spatial representations of graphs,
Commentat. Math. Univ. Carolinae 26 (1985), 655-659.
[12] N. Robertson, P. Seymour, Graph minors. XX. Wagner’s conjecture,
J. Combin. Theory Ser. B 92 (2004), no. 2, 325-357.
[13] N. Robertson, P. Seymour, and R. Thomas, Linkless embeddings of
graphs in 3-space, Bulletin of the Amer. Math. Soc. 28 (1993), no. 1,
84-89.
[14] H. Sachs, On spatial representations of finite graphs, finite and infinite
sets, (A. Hajnal, L. Lovasz, and V. T. Sos, eds), colloq. Math. Soc.
Janos Bolyai, vol. 37, North-Holland, Budapest (1984), 649-662.
9
[15] K. Taniyama, Higher dimensional links in a simplicial complex embed-
ded in a sphere, Pacific J. of Mathematics 194 (2000), no. 2, 465-467.
[16] K. Wagner, U¨ber eine eigenschaft der ebenen complexe, Math. Ann.
114, (1937), 570-590.
CHRISTOPHER CICOTTA, CLARKSON UNIVERSITY, POTSDAM, NY 13699 E-
mail address: cicottcm@clarkson.edu
JOEL FOISY, DEPARTMENT OF MATHEMATICS, SUNY POTSDAM, POTS-
DAM, NY 13676 E-mail address: foisyjs@potsdam.edu
SARA REVZI, UNIVERSITY OF CHICAGO, CHICAGO, IL 60637 E-mail address:
arsinoe@uchicago.edu
TOM REILLY, UNION COLLEGE, SCHENECTADY, NY 12308 E-mail address:
reillyt@union.edu
BEN WANG, BINGHAMTON UNIVERSITY, BINGHAMTON, NY 13902 E-mail
address: benactuarial@gmail.com
ALICE WILSON, SUNY POTSDAM, POTSDAM, NY 13676 E-mail address: wil-
son09potsdam.edu
10
